INTRODUCTION
Let G be a connected semisimple Lie group with finite center. Let T be an irreducible admissible representation of G on a Hilbert space X, and 0, its distribution character: if f~ C,=(G), R(f) = Tr (Iof 43 4).
Harish-Chandra has made an exhaustive analysis of the analytic properties of the distribution 0, [5, 61; in particular it is given by integration against a function which is locally L1. Our goal is to relate the singularities of 0, at the identity to the structure of T. In section 2 and the first part of section 3, we apply Harish-Chandra's results in a simple way to get the following theorem. = {p E f* 1 p = $i t,pn , with pn E f*, t, E Rf, pLn occurs in = lK , and t, + O}. If (for example) m is a discrete series representation, then equality holds.
The last assertion (together with Proposition 3.7, which computes AS(O,) when = is in the discrete series) proves a conjecture of Kashiwara and Vergne ([8] , end of Example 6.3). The rest of section 3 is largely devoted to showing that these expansions behave well under parabolic induction (Theorem 3.5). In section 4 we relate AS(O,) to primitive ideals. Among other things, we show 
ASYMPTOTIC EXPANSIONS OF DISTRIBUTIONS
Let Q be a neighborhood of zero in R", and 0 a distribution on C,"(Q). For f E C,m(Rn) and t > 0, we define ft E Ccm(Rn) by f&v) = tvf(t-lx).
We say that 8 admits an asymptotic expansion at 0 if there is an integer Y and a family of distributions {Di 1 Y ,< i < co} on R", such that for f E Ccm(Rn)
in the following sense. For each positive integer N and compact set K there is a constant C = CN,K > 0, a positive integer k = kN,K, and a number E == E~,~ > 0, such that if supp f C K, and 0 < t < E, then supp ft C 52 (so that
is defined) and LEMMA 2.1. Let 6 be a distribution on a neighborhood Sz of 0 in !R", admitting an asymptotic expansion 0 -x tiDi . Then Di is homogeneous of degree i; that is, if f e Ccm(W) and s > 0,
The trivial proof is left to the reader.
We will be interested in the Fourier transforms of asymptotic expansions; so we need (The power of two comes from the fact that we are differentiating some dilation off, and the range of I x / from the support of p.) So
For the values of x in question, If 01 is a multi-index, let xm = ~2 ... x2.
Q.E.D. Proof. Formally these are obvious; the necessary estimates of remainders are trivial.
Q.E.D. Of course the second statement can be generalized enormously, using some sort of ellipticity condition on D; this is standard for the wavefront set. Since we don't need such results, they are omitted.
EXAMPLE.
Let C C W be a closed cone, Q a neighborhood of 0, and g a function on C n !Z' which is smooth on a neighborhood of C TS Sz. Forf E C,*(G), Put e(f) = Jcnaf (x) g(x) dx, dx being the usual measure on W. Then 0 is a distribution on J& and has an asymptotic expansion 0 N x.2"=, tiD, . Here Di is defined as follows: let gz g,x" be the Taylor expansion of g at 0. Then
This is obvious if g = 1, and the general case follows from Corollary 2.4. This example will be used in the next section to obtain asymptotic expansions of characters.
ASYMPTOTIC EXPANSIONS OF INVARIANT EIGENDISTRIBUTIONS
Let G be a connected semisimple Lie group with Lie algebra g. Consider an invariant eigendistribution 0 on G. Let 3 be the center of the universal enveloping algebra U(gJ. In this section we will lift the distribution 0 to a distribution on the Lie algebra and show that it has an asymptotic expansion according to the definition in section 2. In particular 0 could be the character of an irreducible representation. In this case we will use the asymptotic expansion to obtain information about the representation.
We start by collecting some of the facts about invariant eigendistributions that we will use later. We will denote by N the set of nilpotent elements in g. By definition
.N= {X E g: ad X is nilpotent}.
We will often identify g with its dual g* by the Cat-tan-Killing form B(., .). We define the Fourier transform as
(the Schwartz space). Sometimes when there is no ambiguity in terms of the algebra used we will denote the Fourier transform by fi Via the identification mentioned before we can also write where f E 9(g). On the other hand, it is well known that JV = {X: p(X) = 0 for all p EI+(gJ}.
We now mention some facts about induced representations which will be used later.
Let P = MAN be a parabolic subgroup and r an irreducible representation of M on a Hilbert space ,%?. Let v E a: where p = m + a + n is the Lie algebra of P. Let rr, be the representation of P on 2' defined by
where p(X) = 8 tr(ad X I,,). Let V, = IndPG rP . Proof. This is well known when P is minimal. The proof carries over with simple modifications.
See [ 13 J. Let g = f -k a be a Cartan decomposition.
Let K be the compact group corresponding to I. LEMMA 3.4. Let ye E C,-(e), q~ > 0, l5 p(X) dX = 1 and f 6 C"(K). Define
where X E 5, k E K. Let rr be an irreducible representation with character 0. n jK also has a character which we denote by OK. Let 4 E Ccm(.Q n f) be such that 
By changing variables,
Since q is compactly supported, /I D(EX) 77(exp 6X)w -v 11 < C for all X E supp F and E < 1. Thus we can apply the bounded convergence theorem to obtain 'jg r(f& = TK(f b
The fact that rrK is of trace class is well known. We need part of the proof of this fact to prove the statements in the lemma. Let Then E-~M,(EY, X, tiXi) is analytic at E = t, = .** = t, = 0. The rest of the proof is straightforward.
Let p = nt + a + n be a parabolic subalgebra and p* = m* + a* + n* be its dual. Then (1) and (2) This implies relation (4) in the theorem.
Let 6 E I? be an irreducible representation of K. Then we can associate to each such 6 an orbit of a regular element in t* by the coadjoint action. We identify I? with this set of orbits. THEOREM 3.6. Let n-be an irreducible representation of G on a Hilbert space X. Let 0 be its character and OK be the character of rK = r IK . Then OK has an asymptotic expansion at 0. Let K(n) = (6 E f*: there is a sequence t,S, --j 6 such that t, + 0 and 6 occurs with positive multiplicity in z-~}.
Then AS(BK) = K(r).
(
Also AS(BK) C (6 E f*: there is h E AS(B) such that h jf = S}.
If rr is a discrete series representation then equality holds. We want to show that AS(F) = K(B). Th e inclusion As(ey _C K(e) is clear.
Assume 6 E K(B) but S #AS(P).
Th en there is a neighborhood of 6, V, C f* such that for every f E Ccm(f*) with supp f C V, , Ei(fK) = 0 for all i.
On the other hand, there is X such that h Ir = 6 and X E ui supp Ei . Let r be the smallest integer such that {h E g*: /I )r = 6} n supp E, # O. Then we can shrink V, so that {A : h If E V,} n supp Ei = o for i<r.
Choose f, g E Ccm( V,), f > 0, g < 0, and a neighborhood U, of S so that f 3 E and g < -•E on U, . Let X, E supp E, be such that X, Ji E U, . Let UA, be a Since any character is a linear combination of such 0, the inclusion (2) follows from formula (4). Using formula (3) and the statements about A!!?(@,) in Theorem 3.5 and the equality in (2) for discrete series we can conclude equality in (2) for the character of just one induced representation.
Finally we show K(T) = AA'( Let 6 EK and x6 be its character. Then for p E Cm(K), On the other hand for 9) E Ccm(f n L?).
Since the Di are K-invariant we may assume 7 = y for all x G K. Substituting 9& for y we get The proof is now complete. We now determine the asymptotic K-types for the discrete series more precisely. Consider G such that rank G = rank K. Assume t _C f is a Cartan subalgebra. Let t' be the set of regular elements and choose compatible orderings for the root systems 4(gc , t,) and d(f, , t,). Let t+ be the set of regular elements in a positive chamber for f and t+ = U,"=, tj where tj are positive chambers for g. According to [4] the discrete series is parametrized by a lattice L C t*. Using the identification between g and g* given by B( , ) we can identify any X EL with a 2, E t3 such that, according to [9] , the eigendistribution 0, defined before, equals the Fourier transform of vj(Z,) (up to a constant). Then as pointed out earlier, it is known that ~j E Y(P) so qQ(tZ,) -C tiDiJ f) at t = 0. Clearly, m supp Di,A = AS(O,). and q does not depend on X but only on the chamber tj which contains 2, .
Proof.
Consider any XE 7. Clearly X is nilpotent. We may assume X is such that X 6 cl Ad G . (Y) -Ad G . (Y) for any other Y E 7. It is enough to show O(X) = Ad G . X is contained in the support of some Di,n . We will show that the G-invariant measure on O(X) is the limit of ta&(tZ) for some OL and a certain class off E C"(g) when t + 0 f. Since AS(O,) C 71 trivially, this will complete the proof. We will use the following facts without proof.
(The transverse described in Lemma 3.8 was first introduced by HarishChandra. As stated here, Lemma 3.8 was first proved by R. Rao in connection with some results (unpublished) on the measures supported on nilpotent orbits.) This is enough to conclude that X E cl O(tZ) for any other Z E tj as well. These arguments complete the proof. COROLLARY 3.9. Let 8 be an invariant distribution supported on a set of nilpotent elements 7. Suppose 0 is homogeneous of degree n -cz. Let n -Y be the largest dimension of an orbit contained in 7. Then a 3 (n -r)/2. In particular, if CY = (n -r)/2 then 6' is a linear combination of measures. 
RELATIONS WITH PRIMITIVE IDEALS AND COHERENT CONTINUATION
Let r be an irreducible admissible representation of G, 0, its character, and 0, the corresponding distribution near 0 on g. In this section we will relate the asymptotic expansion of 6, to the primitive ideal 1, associated to r. Suppose (as we may without changing 0, or 1,) that v is realized on a Hilbert space 2, and that rr il: is unitary. Let X C 2 denote the subspace of K-finite vectors, Then X is a module for the (complexified) enveloping algebra U(ge) of g; we denote this action by r also. The ideal 1, C U(g,) is defined to be the annihilator of X. We have a homogeneous ideal gr(l,) C S(g,), the symmetric algebra of gC . The associated cone ^tr(l,,) is defined to be the zero variety of gr (1,) Since such a polynomial lies in qgr (1,,) by the Nullstellensatz, we may as well assume p E gr(l,,). By a standard argument, if this holds for p, and p, , then it holds for p, + p,; so we may assume p is homogeneous, say of degree s. Let a(p) be the constant coefficient linear differential operator on g associated to p; then what we must show is Di c a(p)" = 0.
(4.2)
Let {Uj}& be the canonical filtration of U(gJ, so that Uj/Uj-i g Sj(gJ. Choose an element u E I, n U, such that p = u + U,-, E U,/U,-, s S"(g,). Consider u as a left invariant differential operator on G. If Pm is the space of smooth vectors in Z, then T(U) is a well defined operator on TX'", and if f~ Ccm(G), then
Choosing an orthonormal basis {Us> of 2 consisting of K-finite vectors, we find since u E I,,; so O,o u = 0. Let E be the lift of the distribution u to g defined as in section 3; then 4 oE=O. Fix a system A+ C A(g, , h,) of positive roots. We will assume in addition that whenever h is dominant (i.e. 2(01, h)/( (Y, 01 ) is not a negative integer for 01 E A+) then O(X) is either 0 or the character of an irreducible representation r(X), and that the latter is the case whenever X is nonsingular.
Any irreducible representation r occurs as some r(h) in such a coherent family, which is unique up to obvious equivalences. In this case the non-zero n(h) have annihilators Incn) with a common Gelfand-Kirillov dimension 2d; and every constituent of each virtual character O(h) has Gelfand-Kirillov dimension at most 2d (cf. [l I]). Accordingly we can write 0, -f tiD#).
2=--d
Now the Di(h) were constructed in section 3 from the formulas for 0, . Since these formulas depend nicely on X (cf. Q.E.D.
